A method for construction of the multipartite Clauser-Horne-Shimony-Holt (CHSH) type Bell inequalities, for the case of local binary observables, is presented. The standard CHSH-type Bell inequalities can be obtained as special cases. A unified framework to establish all kinds of CHSHtype Bell inequalities by increasing step by step the number of observers is given. As an application, compact Bell inequalities, for eight observers, involving just four correlation functions are proposed. They require much less experimental effort than standard methods and thus is experimentally friendly in multi-photon experiments.
Quantum mechanics is incompatible with local realism [1] . Bell inequalities reveal this fact. The more Bell inequalities we know, the more we know about the boundaries between Einstein's local realism and the genuinely non-classical areas of quantum physics, which are potentially useful in quantum information applications. For instance, Bell inequalities have gained a utilitarian power in different quantum information tasks, such as quantum key distribution [3] , communication complexity [4] and recently random number generation [5] .
For N observers, each choosing between two local dichotomic observables, the complete set of tight CHSHtype [2] Bell inequalities has been obtained [6, 7] . Such inequalities have been pointed out to possess a common structure [8] . However, in the case of more complicated situations (i.e., with more local settings, more parties, or more measurement outcomes), it is still an open task to obtain the complete set of tight Bell inequalities.
Many methods have been put forward to establish Bell inequalities for different situations, such as using the algebraic properties of local observables [9, 10] , the stabilizer group of quantum states [11] , and so on. Among these methods, there exists a very important method, which bases on the fact that the set of local realistic models forms a polytope [12] , usually called the correlation polytope, whose vertices are the deterministic events. The facets of correlation polytope define tight Bell inequalities. Despite the fact that all vertices of such a correlation polytope are known, it is still difficult to determine all its facets [13] . In the simpler case of three qubits, with to numerical methods one may obtain all facets of correlation polytope [14, 15] . The geometrical concept of correlation polytopes is also helpful for building some new Bell inequalities for more complicated cases [8, [16] [17] [18] .
Nevertheless, observations of violations of local realism in the case of multipartite correlations are a challenging task. Generation of multipartite entangled states is a challenge itself [19] . Usually, polarization entangled states are generated. The two-photon polarization entangled state (Bell states) can be generated using the technique announced in [20] . Using methods put forward in [21] , the three-photon Greenberger-HorneZeilinger (GHZ) state can be generated [22] . Pan's group has generated five-photon [23] and six-photon [24] GHZ states. Very recently, an eight-photon GHZ entanglement has been generated [25, 26] . However, such experiments require long time to gather data to get the value of a correlation function. Thus, it would be very useful to find handy relevant Bell inequalities allowing to pinpoint violation of local realism, in a multi-photon experiment, with just few values of correlation functions. Note that this would constitute also a handy, device independent, entanglement witness.
The above is our aim. We present a specific structural feature of the multipartite CHSH-type Bell inequalities, for the case of local binary observables. Its merits are two-fold: first, one can in principle derive all kinds of arbitrary N -partite CHSH-type Bell inequalities, by increasing step by step the number of observers. To see this point more clearly, we shall present some concrete examples to show how one can recover some known Bell inequalities. Second, basing on the structural feature, compact multipartite Bell inequalities with only four correlation functions are derived.
To begin with, let us recall some facts about Bell inequalities and the correlation polytope. We shall present this for the case of two parties, Alice and Bob. By {Â 1 ,Â 2 , . . . ,Â M } and {B 1 ,B 2 , . . . ,B N } we denote the dichotomic local observables that they can choose, and the hidden local realistic measurement outcomes by a i and b j forÂ i andB j , respectively. We call such a case an M × N one. For more parties the generalization is obvious. Usually, Bell inequalities have the following form:
where α i , β j , and γ ij are real coefficients. There are lower order correlation coefficients for a i and b j and higher correlation coefficients for a i b j . Inequalities with nonzero lower order correlation coefficients are often called Clauser-Horne (CH) type Bell inequalities [27] , while inequalities involving only the highest order correlations are usually called CHSH-type Bell inequalities [2] . Homogenization and dehomogenization procedures may establish a connection between CHSH-type and CH-type Bell inequalities [28] . There are lots of Bell inequalities, some of them equivalent. Bell inequalities are equivalent if they can be transformed to each other by the following operations:
• changing the sign of variables:
• permuting the variables:
• permuting the subscript of the variable:
where X denotes a local realistic result for any party(e.g.
It is obvious that equivalent inequalities share properties, such as the maximal violation factors, the states violating them, and so on. It is enough to investigate one representative of an equivalence class of Bell inequalities. For example, in the 2 × 2 case, the original CHSH inequality is the only nontrivial one. In the 3 × 3 case, there is only one nontrivial new CH-type Bell inequality [14] . In the following, we consider equivalence classes of Bell inequalities. From the point of view of the correlation-polytope method, the CHSH-type Bell inequalities correspond faces of the full correlations polytope. We denote them as F MN for the two-party case mentioned above (sometimes we shall use F MN as the name of the polytope itself, as from mathematical standpoint it is defined by its faces). The inequalities associated with facets (the faces of maximal dimension, that is such that the number of linearly independent vertices on the face equals to the dimension of the polytope) of full correlation polytope are tight CHSH-type Bell inequalities. The vectors representing vertices of a full correlation polytope F MN are expressible by the following tensor product
where a i and b j are ±1. Thus the full correlation CHSHtype polytope rests in an M N -dimensional real space. It has an inversion symmetry about the origin, no face of the polytope may cross the origin, the number of vertices is 2 M+N −1 . Its faces are defined by a homogeneous linear equation:
where α ij are real coefficients, and for all vertices not at the face the left-hand side must be strictly smaller than 1. The associated Bell inequalities are tight CHSH-type ones if M N linearly independent vertices satisfy Eq. (3).
To illustrate our basic idea and for the sake of simplicity, let us consider a three party case. For more parties the generalization is straightforward. Assume that the observers can choose between K, M and N binary local measurements, respectively. Let a = (a 1 , a 2 
where f ′ i s are functions of a i , b j . The polynomials I in Eq. (4) can be recast to the following equivalent form as
with
and c 1 = (1, 1, 1 
and at least one of
is a face of F KM , because for some vertices one has I = 1.
Eq. (5) reveals an important structural feature of CHSH-type Bell inequalities for different number of parties. It evidently links two-party CHSH-type Bell inequalities for F KM with three-party ones linked with polytope F KMN . Thus, one can devise a constructive method to extend CHSH-type Bell inequalities into new ones with one additional party, which can choose between N binary local observables.
To extend the CHSH-type Bell inequalities from twoparty (or (n − 1)-party) to three-party (or n-party), one may perform the following procedure. One chooses N faces B k ( a, b) (with k = 1, . . . , N ) from the correlation polytope F KM . By definition they satisfy (7) . One then substitutes these B k 's into Eq. (5), and if additionally one has I ≤ 1 for all vertices a ⊗ b ⊗ c, then I = 1 is a face of F KMN . Furthermore, if all B k = 1 are defining facets, namely there are KM linearly independent vertices { a ki ⊗ b ki |i = 1, . . . , KM } such that B k = 1, and I ≤ 1 for all vertices a ⊗ b ⊗ c, then we have KM N linearly independent vertices { a ki ⊗ b ki ⊗ c k } at the face defined by I = 1, hence it is a facet.
Let us present some examples. Example 1. Take
Obviously, all three B k ≤ 1 are the tight two-qubit CHSH inequalities. Substituting Eq. (8) into Eq. (5), we arrive at the following three-setting inequality as
This inequality recovers the inequality found in Ref. [29] (see Eq. (28) in [29] ). The CHSH-type inequality (9) is tight and possesses and an interesting property. It can detect all entanglement in all generalized GHZ states, |ψ = cos θ|000 + sin θ|111 , θ ∈ (0, π/4), whereas MABK inequalities fail to detect entanglement for the region of θ ∈ (0, π/12].
Example 2. For a trivial case of a single party with K observables, the facets of 'correlation' polytope F K are |a i | = 1, and the faces are
There are no nontrivial facets. Consider now a 4 × 4 case. Let us take 4 trivial faces of F 4 for Bob:
By substituting them into Eq. (5) we get a CHSH-type
Bell inequality of the form
This inequality is a tight CHSH-type Bell inequality, namely the Collins-Gisin inequality I 4422 ≤ 1 of Ref. [30] .
The most interesting feature of this inequality is that there exist two-qubit states which violate it which do not violate the CHSH inequality [30] . By the way, inequality (10) is a homogenization of the CH-type Bell inequality, for the case 3 × 3, derived by Sliwa in [14] . Thus, it is possible to obtain tight CHSH-type Bell inequalities from non-tight ones for less parties. Most importantly, if one considers an additional party, allowed to choose from for N = 2 settings, then B 1 = 1 and B 2 = 1 are defining facets of a polytope for k parties if and only if
is a facet of the polytope for k + 1 parties, [8] . This result completely describes the correspondence between the facets of F KM··· and the facets of F KM···2 . Actually, Eq. (11) allows us to recover the well-known MABK polynomials.
Generally, an n-party MABK polynomial has a form:
where X n i 's are observables for n-th party (i = 1 or 2 ), I n−1 is a MABK polynomials for the other n − 1 parties, I ′ n−1 is obtained from I n−1 by interchanging the indices of 1 and 2 (that is the local observables). In other words, I ′ n−1 and I n−1 are equivalent, as the third rule of equivalence applies (see the itemized rules). For example, I 2 and I ′ 2 are the usual CHSH polynomials. It should be noted that for n parties, an MABK polynomial contains 2 n−1 terms if n is odd, and 2 n terms if n is even.
However, in Eq. (11), it does not matter whether B 1 and B 2 are equivalent or not. If they are defining facets, then I is a facet. Hence, one may observe that if B 1 and B 2 in Eq. (11) both have the same four terms but two terms have opposite sign, then the resultant I has only four terms as well. Using this property, we can obtain compact CHSH-type Bell inequalities for multipartite cases involving just four terms, which is very handy especially for the experimenters as we shall discuss below. All these four-term compact CHSH-type Bell inequalities are tight. The k partite inequalities of such a kind are violated by k partite GHZ states maximally, all by the same factor of 2.
Recently, an eight-photons GHZ entanglement has been observed in experiments [25, 26] . In Ref. [25] , entanglement of the eight-photon state was detected with an entanglement witnesses. There were no handy CHSHtype Bell inequalities available during the analysis of the experiment. Standard Bell inequalities contain a lot of terms, for example, the eight-party MABK inequality may have up to 256 terms [9] (the universal inequality, encompassing the MABK ones, introduced in [6, 7] contains 2 8 = 256 terms). This must be contrasted with the fact that according to Huang et al. [25] , it took about 70 hours to obtain an expectation value of one term (the same holds for the universal inequality, encompassing the MABK ones, introduced in [6, 7] ). Therefore, an entanglement witness with 9 terms was adopted in [25] . However, an eight-party compact tight CHSH-type Bell inequality, obtainable with the methods described above
would have been much handier.
Effectiveness of entanglement indicators can be estimated by a quantity that we call critical visibility, v crit . It is such a value of v in the mixture
for which the given Bell inequality (or entanglement witness) stops to detect the entanglement present in the state |Ψ . Here ρ noise represents the white noise state, which is a unit operator divided by the dimension of the Hilbert space for the considered system. The lower is the value v crit the more robust is the given entanglement indicator. The inequality (13) has 4 terms and the required visibility is 0.5, thus its violation can be more robust than in the case of the 9-term entanglement witness used in the experiment of [25] , for which the critical visibility is close to 0.6. Note that violations of Bell inequalities indicate reductions of communication complexity in various protocols [4] , while entanglement witnesses, basically, just detect entanglement. In this context please note that it is well-known that in general an entangled mixed state may admit a local realistic model in some experimental situations [31] .
In summary, we have pinpointed a structural feature of multipartite CHSH-type Bell inequalities, for local binary observables. It allows one, in principle, to derive all kinds of arbitrary N -partite CHSH-type Bell inequalities, by increasing step by step the number of observers. Furthermore, using the dehomogenization technique in [28] , it is possible to obtain the CH-type Bell inequalities. The method presented here allows one to derive multi-party inequalities involving just four terms. This reduces significantly the potential experimental effort required to detect entanglement in multi qubit-experiments. Recently, the creation of GHZ states for 14 qubits has been reported in trapped-ion systems [32] . The approach presented here could be immensely useful in analysis of experiments of such a kind. 
